We present simultaneous multi-band radio and X-ray observations of the black hole X-ray binary Cygnus X-1, taken with the Karl G. Jansky Very Large Array and the Nuclear Spectroscopic Telescope Array. With these data, we detect clear flux variability consistent with emission from a variable compact jet. To probe how the variability signal propagates down the jet flow, we perform detailed timing analyses of our data. We find that the radio jet emission shows no significant power at Fourier frequencies f 0.03 Hz (below ∼ 30 sec timescales), and that the higher frequency radio bands (9/11 GHz) are strongly correlated over a range of timescales, displaying a roughly constant time lag with Fourier frequency of a few tens of seconds. However, in the lower frequency radio bands (2.5/3.5 GHz) we find a significant loss of coherence over the same range of timescales. Further, we detect a correlation between the Xray/radio emission, measuring time lags between the X-ray/radio bands on the order of tens of minutes. We use these lags to solve for the compact jet speed, finding that the Cyg X-1 jet is more relativistic than usually assumed for compact jets, where β = 0.92 +0.03 −0.06 , (Γ = 2.59
INTRODUCTION
Black holes drive the most powerful outflows in the Universe, from the kiloparsec-scale jets launched by the most massive black holes in Active Galactic Nuclei (AGN), to the smaller-scale jets launched by their stellar-mass analogues, black hole X-ray binaries (BHXBs). BHXBs are often the targets of jet studies, as these accreting binary sys-E-mail: a.tetarenko@eaobservatory.org tems rapidly evolve through bright outburst phases (typically lasting days to months), providing a real time view of jet behaviour. At the beginning of an outburst, the BHXB is typically in a hard accretion state, where there exists a compact, relativistic jet, an inner radiatively inefficient accretion flow (Narayan & Yi 1995; Markoff et al. 2005) , and a slightly truncated accretion disc (McClintock & Remillard 2006; Fender et al. 2004) . The compact jets emit most prominently at radio, sub-mm and infrared frequencies (Fender 2001; Corbel & Fender 2002; Chaty et al. 2011; Russell et al. 2006 ; Tetarenko et al. 2015 ) as a result of partially self-absorbed synchrotron emission (Blandford & Königl 1979) , where higher frequencies probe regions closer to the black hole. On the other hand, the accretion flow (in the hard state) primarily emits in the X-rays, and is dominated by thermal comptonization of photons from the accretion disc (or synchrotron self-compton) in the inner accretion flow/jet base region (although the irradiated outer accretion disc can also contribute, and in some cases dominate, the emission at infrared, optical, and UV frequencies; van Paradijs & McClintock 1994; van Paradijs 1996; Done et al. 2007 ). This X-ray emission is known to be strongly variable (fractional rms 10-50%), on as short as sub-second timescales (power at Fourier frequencies as high as hundreds of Hz; van der Klis 2006).
While broad-band spectral measurements and high resolution radio imaging studies with Very Long Baseline Interferometry (VLBI; e.g. Stirling et al. 2001) are traditionally used to constrain jet properties (e.g., speed and geometry), and probe the connection between the jet and accretion flows (e.g., van der Horst et al. 2013; Russell et al. 2014) , time domain observations offer a promising new way to address the key open questions in jet research (Uttley & Casella 2014) . Detecting and characterizing rapid flux variability in jet emission from multiple BHXBs can allow us to probe detailed jet properties that are difficult, if not impossible, to measure by other means. For instance, measuring the shortest timescale over which the compact jet flux is significantly changing provides a direct measure of the jet size scale at different observing frequencies. At its best, high resolution VLBI can only image the jets from BHXBs (which are located at kiloparsec distances) down to AU size scales. In fact, in the few published cases where a compact jet was resolved in the axial direction (GRS 1915+105 and Cygnus X-1; Stirling et al. 2001; Dhawan et al. 2000) , VLBI has failed to resolve structure perpendicular to the jet axis, suggesting jet widths on the order of sub-AU scales. Therefore, while determining the cross-section and opening angle of BHXB jets is beyond current imaging capabilities, detecting jet variability on second timescales, probing scales as small as mAU (for emitting regions travelling at light speed), could be used to recover new information on jet geometry.
Additionally, as the jet flow propagates away from the black hole, optical depth effects cause lower frequency emission to appear as a delayed version of high frequency emission (Blandford & Königl 1979; Hjellming et al. 1988; Falcke & Biermann 1995) . Through measuring the time delay between low level variability features at different frequencies, we can estimate the compact jet speed, for which there are currently no direct measurements (Uttley & Casella 2014) . Further, detecting correlated variability across a wide range of frequencies, probing both the jet and accretion flow emission, can allow us to effectively track accreting matter from inflow to outflow, revealing how variations in the accretion flow manifest themselves further downstream in the jet. Recent work has shown evidence of correlations between optical/infrared and X-ray variability on sub-second timescales (Malzac et al. 2003; Casella et al. 2010; Kalamkar et al. 2016; Gandhi et al. 2017; Vincentelli et al. 2018; Malzac et al. 2018) , suggesting that variations in the accretion flow could subsequently drive variability in the jet emission. Directly linking changes in the accretion flow with changes in jet emission at different scales (where different frequencies probe different distances along the jet axis) provides unparalleled insight into the sequence of events leading to jet launching and acceleration.
Broad-band variability measurements also allow for detailed tests of both standard and new jet theory models. In particular, Blandford & Königl (1979) predict that the jet size scale is inversely proportional to observing frequency (z ∝ ν −1 , where z represents the distance from where the jet is launched to the τ = 1 surface). Additionally, recent models predict that jet variability is driven by the injection of discrete shells of plasma at the base of the jet with variable speeds (Turler et al. 2004; Jamil et al. 2010; Malzac 2014; Drappeau et al. 2015 Drappeau et al. , 2017 Malzac et al. 2018) . In these works, the behaviour of these shells (traced by the jet variability properties) is directly linked to the X-ray power density spectrum (quantifying the amplitude of X-ray variability at different timescales). As the timescale of the jet variability depends on the shock speed and shell thickness in this model, detecting correlated variability over a wide frequency range could disentangle these parameters.
To date, compact jet emission in BHXBs at radio frequencies has been observed to vary over a range of timescales (minutes to months). While the longer timescale variations have been tracked and well characterized in many systems, this is not the case for the short (< 1 hour) timescale variations, for which there are only a handful of sources with detections (e.g., variations detected on minute to hour timescales; Pooley & Fender 1997; Mirabel et al. 1998; Corbel et al. 2000; Fender et al. 2002; Miller-Jones et al. 2009; Curran et al. 2014; Tetarenko et al. 2015) . Further, little effort has been made to analyze this short timescale radio variability (e.g., Nipoti et al. 2005 present the only radio frequency Fourier domain study, where the shortest timescales probed were days), to search for variability at higher sub-mm frequencies probing the base of the jet close to the black hole (and bridging the gap between the radio and OIR frequencies), or to connect radio variability properties (e.g., amplitudes, timescales) with internal jet physics.
While time-resolved observations are a staple for BHXB studies at shorter wavelengths, there are many challenges that accompany such studies at long wavelengths (radio, sub-mm). In particular, it can be difficult to disentangle intrinsic source variations from atmospheric or telescope gain variations (the radio sky at > 10 GHz is sparse enough that in-beam comparison sources will be rare), observations often involve routinely cycling between observing a target source and a calibrator, and in most cases only one frequency band can be sampled at a time. These obstacles prevent continuous observations of the jet and introduce artificial variability signals in the data, both of which complicate time-domain analyses. Further, until recently, most telescopes were not sensitive enough, nor capable of taking the rapid data to probe second timescales. However, with today's more sensitive interferometric arrays, which also offer observing modes that allow for the use of sub-arrays 1 , sub-second time resolution, and custom non-periodic target+calibrator scan de-sign, we can lift the limitations presented above and accurately sample BHXB jets at radio frequencies in the time domain. Here we present new simultaneous, high time resolution, multi-band radio and X-ray observations of the compact jet in the BHXB Cygnus X-1, and perform a detailed study of rapid (probing second to hour timescales) compact jet variability at radio frequencies.
Cygnus X-1
Cygnus X-1 (hereafter Cyg X-1) is a high-mass X-ray binary (containing an O-type super-giant companion; Gies & Bolton 1986 ) discovered in the X-rays by the UHURU satellite in 1971 (Tananbaum et al. 1972) . It is located at a distance of 1.86 ± 0.12 kpc , with an orbital period of 5.6 d (Holt et al. 1979 ) and an inclination angle of 27.1 ± 0.8 ) degrees to our line of sight. For this work we will assume that the jet axis is perpendicular to the accretion disc. This is a valid assumption for Cyg X-1, as the low measured proper motion suggests that this system did not receive a strong kick during the black hole formation process (Mirabel & Rodrigues 2003; Reid et al. 2011 ). However, X-ray reflection modelling (e.g., Parker et al. 2015; Tomsick et al. 2018) suggests that the black hole spin axis (and hence the jet axis) may be misaligned with the orbital plane (∼ 40 degrees vs. ∼ 27 degrees). Therefore, the inclination of the jet axis could be closer to 40 degrees. We also note that the distance cited above is a radio parallax distance, and there is a discrepancy between this radio parallax distance and the Gaia DR2 (Gaia Collaboration et al. 2018) distance of 2.38 +0.20 −0.17 kpc (where the derived Gaia distance value is dependent on the prior distribution used; see Gandhi et al. 2018 for details). We use the radio parallax distance throughout this paper, and we find that the choice of distance value (radio parallax or Gaia) does not significantly affect our conclusions (see §4.2).
Cyg X-1 spends the majority of its time in a canonical hard accretion state (e.g., Ling et al. 1983; Miyamoto et al. 1992; Wilms et al. 2006; Zdziarski et al. 2002; Grinberg et al. 2013) , where the radio through sub-mm spectrum is very flat ( f ν ∝ ν α , where α 0), displaying an average flux density of ∼ 15 mJy . However, Cyg X-1 has shown small-scale radio frequency variability, with amplitudes up to 20-30% of the average flux density, on timescales of hours to months. The shorter timescale variability (hours-days) is thought to be linked to changes in the mass accretion rate, while the longer timescale variability (months) has been attributed to jet precession (although astrometric fits to VLBI data of Cyg X-1 may rule out long term precession), and orbital modulation originating from variable absorption by the stellar wind of the companion star (Pooley et al. 1999; Brocksopp et al. 2002; Gleissner et al. 2004a; Nipoti et al. 2005; Pandey et al. 2006; Wilms et al. 2007 ). The hard state radio jet in Cyg X-1 has been resolved along the jet axis out to scales of ∼15 mas at 8.4 GHz (Stirling et al. 2001 ), but has not been resolved in the direction perpendicular to the jet flow, constraining the jet opening angle to be < 2 degrees.
Cyg X-1 is also known to be strongly variable in the Xrays during the hard state (fractional rms 40-50% over the ∼0.002-128 Hz range), showing power over a large range of Fourier frequencies from mHz to over 100 Hz (Pottschmidt et al. 2003) . Despite the extended time Cyg X-1 spends in the hard state, the source has been known to make occasional transitions to a softer accretion state, and was in such a soft state (with no compact jet) from 2010 until late 2015 (Grinberg et al. 2011 (Grinberg et al. , 2014 (Grinberg et al. , 2015 .
In 2016 February, while Cyg X-1 was in a wellestablished hard accretion state, we obtained simultaneous, high time resolution, multi-band radio and X-ray observations with NSF's Karl G. Jansky Very Large Array (VLA) and NASA's Nuclear Spectroscopic Telescope Array (NuS-TAR). In §2 we describe the data collection and reduction processes. In §3 we present high time resolution light curves, cross-correlation functions, and Fourier domain analyses of the radio and X-ray emission we detect from Cyg X-1. In §4 we discuss the time domain properties of the jet emission from Cyg X-1 and place constraints on jet speed, geometry, and size scales. A summary of the results is presented in §5.
2 OBSERVATIONS AND DATA ANALYSIS 2.1 VLA radio observations Cyg X-1 was observed with the VLA (Project Code: 16A-241) on 2016 February 11, for a total on-source observation time of 2.7 hours. The array was in the C configuration at the time of our observations, where we split the full array into 2 sub-arrays of 13 and 14 antennas. Observations in each subarray were made with the 8-bit samplers in S (2−4 GHz) and X (8 − 12 GHz) band. Each band was comprised of 2 basebands, with 8 spectral windows of 64 2-MHz channels each, giving a total bandwidth of 1.024 GHz per base-band. We chose to use the 2 − 4 GHz and 8 − 12 GHz bands as together they allow us to avoid the difficulties of observing at higher frequencies, and act as a compromise between high frequencies that probe closer to the black hole and lower frequencies that are more sensitive with the VLA. Further, the 8−12 GHz band provides a pair of widely separated base-bands. The sub-array setup allows us to push to shorter correlator dump times than would be possible if we were using the full array. In these observations, we set a 0.25-second correlator dump time, providing the highest time resolution possible, while staying within the standard 25 MB s −1 data rate limit. For comparison, our sub-array setup allows us to record data fast enough to probe timescales down to hundreds of milliseconds, while real-time commensal transient surveys such as V-FASTR (Wayth et al. 2011) or REALFAST (Law et al. 2018) The panels from top to bottom show light curves for progressively decreasing frequency/energy bands; the top three panels display NuSTAR X-ray light curves in three different energy bands and the bottom four panels display VLA radio light curves in four different frequency bands. The NuSTAR light curves displayed here are a subset of the full light curve, shown in Figure B1 in Appendix B. We observe flux variability in both the radio and X-ray light curves, in the form of small-scale flaring activity. The radio variability appears to be of lower amplitude and more smoothed out in the lower frequency bands.
standard procedures outlined in the casa Guides 2 for VLA data reduction (i.e., a priori flagging, setting the flux density scale, initial phase calibration, solving for antenna-based delays, bandpass calibration, gain calibration, scaling the amplitude gains, and final target flagging). We used 3C48 (J0137+331) as a flux/bandpass calibrator and J2015+3710 as a phase calibrator. To obtain high time resolution flux density measurements, we used our custom casa variability measurement scripts 3 , where flux densities of the source in each time bin were measured by fitting a point source in the image plane (with the imfit task). When imaging each time bin we used a natural weighting scheme to maximize sensitivity and did not perform any self-calibration. Note that we only analyze radio light curves on timescales as short as 1 sec in this work (despite the 0.25 sec time resolution), as we found no significant power on sub-second timescales (see §3.3.1). Additionally, to check that any variability observed in these Cyg X-1 radio frequency light curves is dominated by intrinsic variations in the source, and not due to atmospheric or instrumental effects, we also ran our calibrator sources through these scripts (see Appendix A for details).
NuSTAR X-ray observations
Cyg X-1 was observed with NuSTAR (Harrison et al. 2013) on 2016 Febuary 11, for a total exposure time of 13.5 ks (ObsID 90101020002). The NuSTAR telescope consists of two co-aligned focal plane modules; FPMA and FPMB. The data were reduced using the NuSTAR data analysis software (nustardas v1.8.0) within the heasoft software package (v6.22 4 ) following standard procedures 5 . We first used the nupipeline task to filter the observations for passages through the South Atlantic Anomaly and produce cleaned event files. Then we extracted light curves from both FPMA and FPMB using a circular region with a 60 arcsec radius centred on the source. Similarly, background light curves were extracted from a 100 arcsec radius circular region centred on a source-free region on each detector. Lastly, the heasoft task lcmath was used to create final background subtracted light curves. Note that we extracted light curves in the 3-10 keV, 10-30 keV, 30-79 keV, and full 3-79 keV energy bands, on time scales as short as 1 sec (matching our radio observations; see §2.1), for the analysis presented in this paper.
RESULTS

Light curves
Simultaneous radio and X-ray frequency light curves of Cyg X-1 taken with the VLA and NuSTAR are shown in Figure 1 (also see Figure B1 ). In the radio light curves, the flux density ranges from 12-19 mJy, with the average flux density at github.com/Astroua/AstroCompute_Scripts 4 http://heasarc.nasa.gov/lheasoft/ 5 NuSTAR data analysis procedures are detailed at https:// heasarc.gsfc.nasa.gov/docs/nustar/analysis/ all frequencies ∼ 15 mJy (as expected from historical observations of the source; Pooley et al. 1999; Brocksopp et al. 2002) . However, we also observe structured variability in the radio light curves, in the form of small amplitude flaring events, on top of smoother, longer-timescale variations. For example, the largest flare detected at 11 GHz (∼ 20:06 UT or 4000 sec in Figure 1 ) reaches an amplitude of ∼ 30% of the average flux density over a timescale of ∼ 12 min (corresponding to a brightness temperature of ∼ 10 9 K, consistent with other synchrotron flare events from XBs; Pietka et al. 2015) . This large flare is asymmetric in shape, showing a secondary peak ∼ 30 min after the main peak. Similarly, in the X-ray light curves we also observe structured variability, including a couple of small flares (e.g., at ∼ 19:25 UT or 2000 sec in Figure 1 ), all of which precede the radio flaring activity. Through comparing the emission we observe in the different radio bands, the lower radio frequency emission appears to lag the higher radio frequency emission (with the lag increasing as the radio frequency decreases), and the variability in the 2.5/3.5 GHz light curves appears to be of lower amplitude when compared to the 9/11 GHz light curves. Additionally, the lack of clear flares (with well-defined rise and decay phases) in the 2.5/3.5 GHz light curves suggests the variability in these lower frequency radio bands may be more smoothed out than in the higher frequency radio bands. This emission pattern is consistent with what we expect from a compact jet, where the higher radio frequency emission originates in a region with a smaller cross-section closer to the black hole, while the lower radio frequencies probe emission from larger regions further downstream in the jet flow.
Cross-Correlation Functions
The morphology of our Cyg X-1 light curves hints at a potential correlation between the emission within the radio bands, and between the radio and X-ray bands. To characterize any correlations and place estimates on time-lags between the bands, we computed cross-correlation functions (CCFs) of our light curves using the z-transformed discrete correlation function (ZDCF ; Alexander 1997; Alexander 2013) . The ZDCF algorithm is designed for analysis of unevenly sampled light curves, improving upon the classic discrete correlation function (DCF; Edelson & Krolik 1988) or the interpolation method (Gaskell & Peterson 1987) . The calculated CCFs are displayed in Figure 2 , where we use the full radio light curves to create the CCFs, not just the continuous data chunks (as is done for the Fourier analysis in §3.3), as the ZDCF algorithm can handle unevenly sampled data.
The location of the CCF peak will indicate the strongest positive correlation, and thus the best estimate of any timelag between the light curves from different observational frequency bands. To estimate the CCF peak with corresponding uncertainties, we implement the maximum likelihood method of Alexander (2013) . We note that this method estimates a fiducial interval rather than the traditional confidence interval. The approach taken here is similar to Bayesian statistics, where the normalized likelihood function (i.e., fiducial distribution) is interpreted as expressing the degree of belief in the estimated parameter, and the 68% interval around the likelihood function's maximum represents the fiducial interval. Additionally, to estimate the signifi- 11 GHz/2.5 GHz Figure 2 . Cross-correlation functions (ZDCFs) between X-ray and radio emission from Cyg X-1; between 3-79 keV/11 GHz (top left), 11 GHz/9 GHz (top right), 11 GHz/3.5 GHz (bottom left), and 11 GHz/2.5 GHz (bottom right). The peak of each CCF (indicating the strongest positive correlation at τ lag ) is shown by the black dotted line, with the 68% fiducial confidence interval indicated by the shaded grey region, and 99/95% significance levels indicated by the black dashed/dotted lines (see §3.2 for details). The insets in each panel display a zoomed view of the region surrounding the peak of each CCF. A positive time lag indicates that the lower frequency band lags behind the higher frequency band. Through taking a Bayesian approach (whereby negative lags are considered unphysical; see §3.2), we measure time lags between the X-ray and radio bands, as well as between the individual radio bands, ranging from minutes to tens of minutes.
cance level of any peak in the CCF, we perform a set of simulations allowing us to quantify the probability of false detections in our CCFs, by accounting for stochastic fluctuations and intrinsic, uncorrelated variability within each light curve. For these simulations, we randomize each light curve 1000 times (i.e., Fourier transform the light curves, randomize the phases, then inverse Fourier transform back, to create simulated light curves that share the same power spectra as the real light curves) and calculate the CCF for each randomized case. We then determine the 95% and 99% significance levels based on the fraction of simulated CCF data points (at any lag) above a certain level.
Our calculated CCFs (Figure 2) suggest the presence of a correlation between the X-ray and radio emission from Cyg X-1, as well as between the emission in the individual radio bands. In particular, we measure a time lag between the 3-79 keV X-ray and the 11 GHz radio bands of 33.5 +1.9 −1.7 min, and time lags between the 11 GHz and 9, 3.5, 2.5 GHz radio bands of 1.0 +0.9 −0.3 min, 24.1 +1.6 −1.3 min, and 27.6 +3.0 −0.7 min, respectively (although see below for caveats on the 11/3.5 GHz and 11/2.5 GHz lag measurements). With these lags, we observe a trend with observing frequency, where the lower frequency bands always lag the higher frequency bands (and the lag increases as the observing frequency decreases in the comparison band). This trend is consistent with what we expect from emission originating in a compact jet, where the lags presumably trace the propagation of material downstream along the jet flow (from higher frequencies to lower frequencies; Malzac et al. 2003; Gandhi et al. 2008; Casella et al. 2010; Gandhi et al. 2017) . We also split the 8-12 GHz radio data into four sub-bands (centered on 8.75, 9.25, 10.75 and 11.25 GHz) and re-ran our CCF analysis. However, the measured lags we obtain are all consistent with each other within uncertainties. Thus we do not gain any new information through splitting our radio data into finer frequency bands, and do not report on these data hereafter.
We note that when comparing the 3-79 keV/11 GHz and 11 GHz/9 GHz bands, the CCFs show relatively symmetric peaks at the measured time lag, both of which reach or exceed the 99% significance level. Therefore, we consider these detected time lags statistically significant, and are confident they are tracking a real correlation between the light curves. On the other hand, when comparing the 11 GHz/3.5 GHz and 11 GHz/2.5 GHz bands, the CCFs display much more complicated structure, including secondary peaks and anti-correlation dips at negative lags. While the measured time lag peaks represent statistically significant correlations (i.e., reaching or exceeding the 99% significance level), the secondary peaks can at times reach a lower, but still significant level (e.g., peak at ∼ 10 min when comparing 11 GHz/3.5 GHz, or peak at ∼ 50 min when comparing 11 GHz/2.5 GHz), and the anti-correlation dips can reach levels more significant than our positive lag peaks. Therefore, even though the measured 11 GHz/3.5 GHz and 11 GHz/2.5 GHz radio lags are nominally statistically significant, and are physically plausible in terms of what we may expect from compact jet emission, we are unable to assign them as much credence as the lags involving the higher frequency radio bands. Nonetheless, for the remainder of this paper we opt to take a Bayesian approach, whereby we consider the negative lags as unphysical, and take our measured lags to be the best estimate of the true lags between these radio bands. The reader should keep these caveats in mind when considering the 11/2.5 GHz and 11/3.5 GHz lag interpretations moving forward. Lastly, an important technical caveat to note in our CCF calculations is that we are calculating the CCFs up to delays that are comparable to the duration of the data set (i.e., outside the stationarity limit). As the CCF is formally defined only on the assumption of stationarity, we are pushing the CCF method to its limits. We thus choose to remain conservative in our claims of time lag detections (especially for the lags calculated from the lower frequency 2.5/3.5 GHz radio bands, which are not clearly seen in the light curves themselves) in this paper given these statistical limitations of our methods.
In the literature, there exist a few studies reporting on X-ray/radio correlations on short (minute) timescales in Cyg X-1. In particular, Gleissner et al. (2004b) found no statistical evidence for correlations between X-ray and radio emission in Cyg X-1 on timescales < 5 hours, suggesting that any possible correlations they observed were consistent with artifacts of white noise statistics. The significance level simulations we performed in this paper rule out our correlations being statistical artifacts. Further, the radio frequency data used in the Gleissner et al. (2004b) study was obtained with the Ryle Telescope 6 , which was much less sensitive than the current VLA (which has more antennas with larger dishes and wider bandwidth). Therefore, our study is able to measure lower-level signals, giving us better statistics in our CCFs when compared to the Gleissner et al. (2004b) study. Additionally, Wilms et al. (2007) report the detection of an X-ray/15 GHz lag of ∼ 7 min, which is significantly shorter than the measured ∼ 33 min X-ray/11 GHz lag reported in this work. However, we note that the Wilms et al. (2007) data sampled Cyg X-1 during a transition from the soft to hard accretion state, and displayed different flare morphology (e.g., a higher amplitude of ∼ 4 times the average flux level and a much more symmetric radio flare shape) when compared to our data. The jet emission in BHXBs during accretion state transitions is often dominated by emission from discrete jet ejections (typically characterized by higher am-plitude, more symmetric radio flares; e.g., Tetarenko et al. 2017) , rather than a compact jet (as seen in the hard state). Therefore, the difference between these measured time lags could be due to both studies sampling a different form of jet emission with different properties (e.g., jet size scales, bulk speeds, opening angles, energetics). Although, we note that it is the hard to soft accretion state transitions (rather than the soft to hard transitions) that often show jet ejecta, and these jet ejecta have only been detected once in Cyg X-1 . Alternatively, in either study it is possible that the pairs of correlated X-ray/radio flares were misidentified, and are in turn not actually correlated (e.g., it is possible that additional X-ray flares occur within the orbital gaps in the data; see for example Capellupo et al. (2017) who show it can be difficult at times to know whether X-ray/radio flares are truly connected).
Fourier Analyses
To better characterize the variability properties of our radio frequency light curves of Cyg X-1, we opted to also perform Fourier domain analyses. As part of these analyses, we calculate the power spectral density (PSD), as well as perform cross-spectral analyses, allowing us to characterize lag and correlation behaviour across many distinct timescales of variability (Vaughan & Nowak 1997; Uttley & Casella 2014) . While Fourier domain analysis is common practice at higher frequencies (infrared, optical, X-ray; e.g. Gandhi et al. 2008; Casella et al. 2010; Vincentelli et al. 2018) , previous studies of this nature in the radio bands are limited (e.g., see Nipoti et al. 2005 , probing timescales as short as days only). Here we present the first Fourier domain study of a BHXB (including a cross-spectral analysis) undertaken at radio frequencies on timescales as short as seconds. We use the stingray software package 7 (Huppenkothen et al. 2016 ) for all of our Fourier domain analyses below.
Power Spectra
To create our radio PSDs, we consider only the continuous chunks of data in each radio light curve (i.e., first ∼75 min at 9/11 GHz and second ∼75 min at 2.5/3.5 GHz), and divide the light curves into 15 min segments, averaging them to obtain the final PSD. The segment size was chosen to reduce the noise in the PSDs. Further, a geometric re-binning in frequency was applied (factor of f = 0.3, where each bin-size is 1 + f times larger than the previous bin size) to reduce the scatter at higher Fourier frequencies. All our PSDs are normalized using the fractional rms-squared formalism (Belloni & Hasinger 1990 ) and white noise has been subtracted (white noise levels were estimated by fitting a constant to Fourier frequencies above 0.05 Hz & 0.01 Hz for the 9/11 GHz & 2.5/3.5 GHz bands, respectively; see Appendix C). Note that PSDs in the 9/11 GHz bands are created from data imaged with 1 sec time-bins, while the 2.5/3.5 GHz PSDs are created from data imaged with 5 sec time-bins 8 . We use a different imaging timescale between radio bands to . White noise subtracted radio PSDs of Cyg X-1. Top to bottom, the panels display the power spectra from the 11, 9, 3.5, and 2.5 GHz bands. The PSDs in the 9/11 GHz bands are created from data imaged with 1 sec time-bins, while the 2.5/3.5 GHz PSDs are created from data imaged with 5 sec time-bins. The black dotted line represents the single power-law fits to the PSDs (see §3.3.1 for details). While all the radio bands display a similar PSD shape (decreasing power at higher Fourier frequencies), when considering the longest timescales, we observe higher power in the higher frequency radio band PSDs. Note that the pre-white noise subtracted PSDs are shown in Figure C1 . roughly match the rms noise in each time-bin's image across the bands, while still leaving enough of a Fourier frequency lever arm to accurately measure the white noise level. To create our X-ray PSDs, we follow the same averaging and binning procedure as the radio PSDs (additionally making use of the good time interval feature 9 of the stingray package to take into account the orbital gaps in the data) and use frequencies above 0.4 Hz to estimate the white noise level. Figure 3 displays the radio PSDs, while Figure 4 displays the X-ray PSDs. The radio PSDs all appear to display a power-law type shape, where the highest power occurs at the lowest Fourier frequencies (corresponding to the longest timescales sampled) and no significant power is observed above Fourier frequencies of ∼ 0.03 Hz (∼ 30 sec timescales). Through fitting a single power-law to the radio PSDs, we find power-law indices of −1.96 +0.29 for the 11, 9, 3.5, and 2.5 GHz radio bands, respectively. We tested whether these slopes could be due to leakage (i.e., where variability on timescales longer than the interval over which our PSD is calculated adds "fake" power into the PSD) by de-trending our light curves prior to redoing the PSD calculation. Through these tests we confirm that the slopes we measure are not a result of leakage. The power-law indices we observe in our PSD (indices of ∼ 2) could be produced as a result of red noise, or we may be observing the high Fourier frequency part of a band-limited noise feature (which is com-2.5/3.5 GHz PSDs, respectively (t res represents the time resolution of our light curves.) 9 This good time interval (GTI) feature computes the start/stop times of equal time intervals, taking into account both the segment size (timescale over which the individual PSDs are averaged together) and the GTIs. This "time mask" (array of time stamps) is then used to start each FFT from the start of a GTI, and stop before the next gap in the data (end of GTI). Figure 5 . Cross-spectral analysis of radio emission from Cyg X-1. The top three panels display a cross-spectral analysis between the 9/11 GHz bands (using 1 sec time-bin data), while the bottom three panels display a cross-spectral analysis between 2.5/3.5 GHz bands (using 10 sec time-bin data, to further increase the signal to noise when compared to the 5 sec time-bin data used in the PSD procedure for these bands). Left to right, the panels display phase lags, time lags, and coherence. Positive lags indicate that the lower radio frequency band lags the higher radio frequency band, and a time lag of zero is indicated by the black dashed line in the middle panels. The higher frequency radio bands (top) show high levels of coherence and near constant time-lags on the longer timescales (Fourier frequencies < 0.01 Hz), while the lower frequency radio bands (bottom) comparatively show very little coherence across all time scales. monly observed at other wave-lengths in XBs). Additionally, we observe a trend where the PSDs from the higher frequency radio bands display larger power on long timescales than the lower frequency radio bands (where the larger uncertainties make it difficult to compare the power between the radio bands on smaller timescales/higher Fourier frequencies).
These observed PSD features fit with our compact jet picture, where we expect higher radio frequencies to display larger variability amplitudes and the highest Fourier frequency variations to be more suppressed, due to the increasing size scale of the emitting region at radio frequencies (when compared to the X-ray) smearing the variability signal. In fact, size scale constraints from VLBI imaging of Cyg X-1 (Stirling et al. 2001 ) suggest jet cross-sections which are consistent with the light crossing times of the shortest timescales for which we detect significant power (in ∼ 30 sec a signal propagating at the speed of light travels 1 × 10 12 cm). In particular, for a conical jet, the jet cross-section at distance z 0 from the jet launching region is represented by z cross = z 0 tan φ (where φ is the jet opening angle). VLBI imaging studies of Cyg X-1 observe the jet out to ∼ 15 mas scales, along a jet axis inclined to our line of sight by ∼ 27 degrees ), corresponding to z 0 ∼ 8.9 × 10 14 cm at 8.4 GHz. With an opening angle of < 2 degrees, we in turn estimate a cross-section at 8.4 GHz of < 3.1 × 10 13 cm. Further, given a brightness temperature limit of 10 12 K for synchrotron emission, the shortest timescale over which we would expect to be able to measure significant variability (i.e., at least 0.5-1% of the average flux density, given the variability amplitudes seen in our radio PSDs) with the VLA would be on the order of seconds.
The X-ray PSDs also appear to display a power-law type shape at lower Fourier frequencies (< 0.01 Hz), then flatten out at higher Fourier frequencies, with a turnover occurring at ∼ 0.3 Hz. No quasi-periodic oscillations are observed, although we do observe a bump around ∼ 0.008 Hz (this X-ray PSD shape is consistent with previous studies; e.g., Nowak et al. 1999) . Interestingly, when comparing the X-ray and radio PSDs, we find that the X-ray PSDs show similar power at the lowest Fourier frequencies (longest timescales) as the highest frequency radio band PSDs. This feature was also seen at Fourier frequencies as low as ∼ 10 −6 − 10 −7 Hz by Nipoti et al. (2005) in their earlier, longer timescale study (and notably was a unique feature to Cyg X-1, not observed in the long timescale radio PSDs of other XB sources; GRS 1915+105, Cyg X-3, and Sco X-1). However, the X-ray emission is significantly more variable overall, displaying an integrated fractional rms (across the 0.001 to 0.5 Hz range) of ∼ 20%, while all the radio bands show ∼ 2 − 7%.
Cross Spectra
Through cross-spectral analyses we can examine the causal link between two time series signals. For this analysis we only consider the segments of the respective radio light curves for which we have continuous data with no scan gaps (as was done in creating our PSDs) and use the same averag-ing/binning procedure as described for the PSDs. Further, we only compare the signals we observe between the twobasebands in each VLA frequency band (i.e., between 9 and 11 GHz, and between 2.5 and 3.5 GHz), as our observational setup only allowed for the simultaneous, continuous observations needed for such an analysis between these radio frequencies. Figure 5 displays the results of our cross spectral analyses, where we show three different metrics used to quantify the causal relationship between the two time-series signals: phase lags, time lags, and coherence. The lags describe the phase/time differences between intensity fluctuations for each Fourier frequency component, while the coherence is a measure of the fraction of the rms amplitude of one signal (at a given Fourier frequency) that can be predicted from the second signal through a linear transform (i.e., the degree of linear correlation between the two signals as a function of Fourier frequency).
When considering the higher frequency radio bands (9/11 GHz), we observe a high level of coherence on longer timescales ( f < 0.005 Hz), which drops to ∼ 0.25 at ∼ 0.005 Hz, then to a point where no significant correlation is detected above ∼ 0.05 Hz. Additionally, we observe a relatively constant trend in the phase lags, corresponding to a mostly constant time lag of a few tens of seconds, across Fourier frequencies up to ∼0.01 Hz (although we do note that there is some scatter in the time-lags at ∼ 0.005 Hz). These time lags are consistent with the lower end of the confidence interval estimated from our CCF measured lag of 1.0 +0.9 −0.3 min, within the uncertainty limits. However, when considering the lower frequency radio bands (2.5/3.5 GHz), we observe very little coherence, even on the longer timescales (∼ 0.25 at 0.001 Hz, but coherence consistent with zero within the large uncertainties). Further, there is no clear trend in the phase lags, and the time lags are mostly consistent with zero. However, despite the large uncertainty, the time lag in the lowest Fourier frequency bin is consistent with what we might expect from our CCF measured lags of ∼ 3 − 4 min.
DISCUSSION
To characterize the variability properties of the compact jet emission in the BHXB Cyg X-1, we have performed a time domain analysis on multi-band VLA radio and NuSTAR Xray observations of this system. We implemented several different metrics in our analysis; cross-correlation functions, PSDs, and cross-spectral analysis. In the following sections, we discuss what each of these metrics reveals about the jet variability properties and how these variability signals propagate down the jet. Additionally, we derive constraints on jet speed, geometry, and size scales.
Interpreting PSDs, lags, and coherence
The X-ray and radio PSDs presented in Figures 3 and 4 show remarkably similar power on the longest timescales, but display very different shapes. In particular, the radio bands display a monotonically decreasing trend with frequency (where there is no significant power above Fourier frequencies of ∼0.03 Hz), while the X-ray band displays a double power-law type shape that turns over at ∼0.3 Hz. In previous BHXB jet variability studies performed at higher frequencies (Gandhi et al. 2008; Casella et al. 2010; Vincentelli et al. 2018) , infrared and optical PSDs of compact jet emission displayed a similar shape to our X-ray PSDs, where a break is observed at higher Fourier frequencies (∼ 3/1 Hz at optical/infrared bands in GX 339-4). This damping of the power at higher Fourier frequencies is thought to reflect the physical size scale of the emitting region. Therefore, we might expect any break in the radio PSDs to occur at lower Fourier frequencies than we can probe with our data set (e.g., a VLBI transverse size scale estimate of ∼ 3.1 × 10 13 cm at 8.4 GHz gives a light crossing time of ∼ 1100 sec or ∼ 9 × 10 −4 Hz; see Figure 6 in Malzac 2014 where theoretical jet models also predict this PSD shape). In the Fourier analysis of Nipoti et al. (2005) , who probed much longer timescales than our study (days-months), the radio PSD shows a higher power (at all sampled Fourier frequencies) when compared to our PSDs, that is nearly constant at Fourier frequencies between 10 −6 − 10 −5 Hz. Therefore, this is suggestive of a break in the radio PSDs occurring in the un-sampled Fourier frequency range (10 −5 − 10 −3 Hz). If this is the case, the radio PSDs we present here could be sampling the drop off in power after a lower Fourier frequency turnover. A set of longer radio observations (sampling the 10 −5 −10 −3 Hz Fourier frequency range) and/or observations at higher radio/sub-mm frequencies are needed to confirm this theory, and test whether there is a frequency dependent trend in the location of this turnover across different radio bands (as suggested between the infrared/optical PSD turnovers observed in GX 339-4). Measuring such a trend could (in principle) be used to map out the jet size scale in different regions of the jet flow.
In our cross-spectral analysis, we observed that the higher frequency radio bands (9/11 GHz) were highly correlated on longer timescales (> 200 sec, f < 0.005 Hz), and display a roughly constant lag with Fourier frequency consistent with our CCF measured lag. However, in the lower frequency radio bands (2.5/3.5 GHz) we observed very little correlation across all timescales, and a lag consistent with our CCF analysis only in the lowest Fourier frequency bin. In the situation where one signal is related to the other through a delay, due to propagation of variability down the jet flow, we would expect both the coherence and time lags to be constant with Fourier frequency. While we observe constant time lags below a certain Fourier frequency in our analysis, the coherence either drops at higher Fourier frequencies (9/11 GHz) or is very low across all Fourier frequencies (2.5/3.5 GHz). Therefore, if the radio signals are related by a propagation type model, some other process must be damping the correlation at higher Fourier frequencies. In our radio signals, the coherence and radio variability amplitude (traced through the PSDs) appear to be damped over the same range of Fourier frequencies. Therefore, it seems plausible that the loss of coherence we observe may be due to processes occurring on timescales shorter than the propagation time between the regions emitting our radio signals, such as turbulence in the jet flow (Gleissner et al. 2004b) , distorting the variability signals. In BHXB jet variability studies performed at higher infrared frequencies (Vincentelli et al. 2018 ), a similar trend (constant time lags with Fourier frequency but a decreasing trend in coherence) was seen in the cross-spectral analysis. However, in the infrared bands there appears to be a different mechanism at work (when compared to our radio signals) that reduces the strength of the correlation between signals, but does not affect the infrared variability amplitude (i.e., the PSD breaks at 1 Hz but the coherence begins to drop at lower Fourier frequencies).
Other factors could also be contributing to the loss of coherence between the radio signals. In particular, a strong noise component in the radio light curves may lead to a loss of coherence (as random noise signals are not correlated). To further investigate this possibility, we opted to compute the intrinsic coherence (using Equation 8 in Vaughan & Nowak 1997) , which takes into account noisy signals by applying a correction term to the measured coherence. Through this computation, we find that the intrinsic coherence is nearly identical to the measured coherence at the Fourier frequencies for which the Vaughan & Nowak (1997) expression is valid (< 0.01 Hz). This suggests that the noise component in the radio light curves is not a significant cause of any loss of coherence we observe. However, we note that both the measured/intrinsic coherence measurements between the 2.5/3.5 GHz radio signals display large uncertainties. Therefore, the noise component limits our ability to accurately calculate and compare the intrinsic/measured coherence between the lower frequency (2.5/3.5 GHz) radio signals. Additionally, phase wrapping in the cross-spectra could also be a contributing factor in causing the loss of coherence and lack of flat time-lags at higher Fourier frequencies. The effect of phase wrapping is likely not an issue for the 9/11 GHz cross-spectra, as the CCF predicted delay of ∼ 1 min/0.01 Hz between these bands occurs at higher Fourier frequencies than the point where the coherence and time-lags drop out. However, this phase wrapping effect may be relevant for the 2.5/3.5 GHz cross-spectra, where the CCF predicted delays (∼ 3 − 4 min/4 − 5 × 10 −3 Hz) between these bands match closely with the Fourier frequencies where the coherence and time-lags drop out. However, as the coherence is already small at these lower Fourier frequencies in the 2.5/3.5 GHz cross-spectra, phase wrapping can not be the only explanation for the coherence and time-lag drop out.
Further, a loss of coherence could also occur if more than one source of emission contributes to the signals in these bands (even if individual sources produce coherent variability; Vaughan & Nowak 1997) or if the signals are acted on by a nonlinear process (e.g., internal shocks in the jet flow). For instance, the strong stellar wind from the companion star in Cyg X-1 has been shown to partially absorb the radio emission by up to about 10 % (Pooley et al. 1999; Brocksopp et al. 2002) , and thus could potentially be distorting the radio signals we observe. While Brocksopp et al. (2002) showed that 2.25 GHz radio emission does not vary much around the orbit, implying that this lower frequency emission could originate outside the wind photosphere (see Figure 1 in Brocksopp et al. 2002) , our observations were taken at an orbital phase where the black hole was behind a significant amount of the wind (orbital phase 0.88, where superior conjunction is at orbital phase 0). Therefore, we would expect the wind to have close to a maximal effect on the radio emission we observe during our observations. Further, Brocksopp et al. (2002) estimate the size of the wind photosphere to be 4.6 × 10 14 /1.8 × 10 14 cm at 2.25/8.3 GHz, which are both larger than the size scales to the radio emitting regions estimated from our CCF X-ray to radio lag estimates, suggesting that the stellar wind could reasonably be affecting our radio signals. We note that the radio emission originating from the stellar wind itself is likely to display much smaller radio flux densities when compared to the compact jet. For example, using the work of Wright & Barlow 1975 & Leitherer et al. 1995 (Equation 1 of Leitherer et al. 1995 with stellar wind parameters given in Brocksopp et al. 2002) , we estimate the stellar wind from the Cyg X-1 companion star produces a flux density of ∼ 0.03/0.08 mJy at 2.5 GHz/11 GHz.
Additionally, the emission from the counter-jet (i.e., the portion of the bi-polar jet travelling away from the observer) could also be contaminating our radio signals. The ratio of the flux densities between the approaching and receding jets in Cyg X-1 can be estimated using
(where β, θ, and α represent the jet speed, inclination angle of the jet axis to the line of sight, and the radio spectral index, respectively). However, given values of β = 0.92, θ = 27 degrees, and α = 0 (see §4.2), we find
∼ 102, suggesting that any contributions from the counter-jet will likely be negligible in our radio signals (although if the inclination of the jet axis to our line of sight is closer to 40 degrees, as suggested by X-ray reflection modelling, rather than 27 degrees found by Orosz et al. 2011 , this ratio becomes much smaller at ∼ 30.). Further, the emission in the radio frequency bands could have contributions from a region where the jet is colliding with the surrounding ISM. These regions can display a working surface shock at the impact point (e.g., Corbel et al. 2005; Miller-Jones et al. 2011; Yang et al. 2011; Rushton et al. 2017 ) and typically show brighter flux densities at lower radio frequencies, potentially contributing more to the overall observed emission in lower radio frequency bands (where we see increased loss of coherence). In the case of Cyg X-1, the jet is thought to have carved out a parsec scale cavity in the intervening medium (∼ 2 × 10 5 AU; Gallo et al. 2005; Russell et al. 2007; Sell et al. 2015) , which may make further jet impact sites closer (less than the VLA beam of 7 arcsec or 10 4 AU at 1.86 kpc) to the central source unlikely. However, we note that Cyg X-1 was in a soft accretion state (with presumably no jet) from 2010 to a few months prior to our observations in early 2016. Therefore, the strong stellar wind from the companion star could have had time during this soft state to refill at least a portion of this cavity, and in fact the jets we observe could be interacting with this newly deposited material (e.g., see Koljonen et al. 2018) .
Constraints on jet properties
If the X-ray emission we observe originates in a region close to the black hole (inner accretion flow or at the base of the jet) and information from X-ray emission regions propagates down the axis of the jet to the radio emission regions, then the distance between the radio emission regions and the black hole, z radio , can be represented as,
Here, β represents the bulk jet speed (in units of v/c, where c indicates the speed of light), τ lag represents the X-ray to radio time lag, and θ represents the inclination angle of the jet axis to our line of sight. The term in parentheses indicates a correction factor due to the transverse Doppler effect (where the interval between the reception of two photons by the observer is smaller than the interval between their emission). We note that in the case where the X-ray emission originates from an accretion flow that is not co-spatial with the jet base, we may expect some additional time delay in getting the accreted material into the jet base, and subsequently accelerating this material. While these timescales are not known for BHXBs, if for example the jet becomes radiative (i.e., acceleration zone) at ∼ 1000 gravitational radii from the black hole (Gandhi et al. 2017) , this timescale could correspond to a light travel time delay of tens of milli-seconds. However, in this case, milli-second timescales are minuscule when compared to the tens of minutes delays we are discussing here. Further, if the X-ray variations originate in the accretion disc, we may expect an additional delay for these variations to propagate inwards. As we measured time lags between the X-ray and multiple radio bands, we can use Equation 1 to solve for the jet speed by substituting in a metric to relate jet size scale to the radio frequency band. While simple jet models predict z ∝ 1/ν (Blandford & Königl 1979) , we allow for a more general case in our analysis, where z ∝ 1/ν . Through rearranging Equation 1, we obtain,
Here ν radio and ν xray (set to the middle of the X-ray band at 41 keV or 9.91 × 10 9 GHz, although the fitting process is not very sensitive to the value of ν xray ) represent the frequencies between which the time lags were measured. To normalize the jet size scale to radio frequency band relation, we can express z norm in terms of the distance between the X-ray emitting region and the τ = 1 surface (l norm in angular units of mas projected on the sky) at a specific radio frequency (ν norm ), yielding, −0.06 † β represents the bulk jet speed and is not a fitted parameter (see §4.2 for details). We instead fit for the bulk Lorentz factor, Γ = (1 − β 2 ) −1/2 , and estimate the distribution of the corresponding bulk jet speeds by performing Monte Carlo simulations sampling from the posterior Γ distribution 10000 times.
Based on the VLBI images of Cyg X-1 presented in Stirling et al. 2001 at ν norm = 8.4 GHz, we set a wide uniform prior on l norm ranging from 0.01 mas to 15 mas (max distance to which jet emission was resolved in the VLBI images).
We fit Equation 2 to our measured X-ray/radio time lags using a Markov Chain Monte-Carlo (MCMC) algorithm (Foreman-Mackey et al. 2013) . However, instead of fitting directly for β, we choose to fit for the bulk Lorentz factor, Γ = (1 − β 2 ) −1/2 . This is because the MCMC algorithm performs better when there are not hard limits on model parameters (i.e., β can only have values between 0 and 1). In our MCMC runs, we allow Γ, , and l norm to be free parameters, and sample from the known distance (1.86 ± 0.12; Reid et al. 2011) and inclination (θ = 27.1 ± 0.8; Orosz et al. 2011) distributions. We note that sampling from the Gaia DR2 distance distribution (2.38 +0.20 −0.17 kpc; Gandhi et al. 2018) , rather than the radio parallax distance distribution, does not have a significant effect on the best-fit jet parameters (i.e., all parameters are consistent within the 1σ error bars for both fitting runs). The best-fit result is taken as the median of the one-dimensional posterior distributions and the uncertainties are reported as the range between the median and the 15th percentile (-), and the 85th percentile and the median (+), corresponding approximately to 1σ errors. Our best-fit parameters are displayed in Table 1 and Figure 6 .
Prior to this study, the compact jet speed in BHXBs had never been directly measured (although Casella et al. 2010 have placed direct lower limits on the jet speed, see below). While it is typically thought that compact jets are inherently less relativistic than the other form of jets detected in these systems, discrete jet ejecta (displaying bulk speeds as high as Γ > 2, measured using proper motions derived through VLBI imaging; Hjellming et al. 2000; Hjellming & Rupen 1995; Fender et al. 2009 ), past studies using indirect methods (e.g., scatter in radio/X-ray correlation, spread in accretion state transition luminosities 10 ; Gallo et al. 2003; Maccarone 2003; Gleissner et al. 2004b; Heinz & Merloni 2004) to infer limits on the compact jet speed, have yielded at times conflicting results (e.g., bulk Lorentz factors of Γ < 2 versus βΓ > 5). Additionally, Fender (2003) has shown that the inferred Γ (measured from proper motions) depends strongly on the assumed distance to the source (which is not known accurately in most BHXBs), and Miller-Jones et al. (2006) show that if the jets are not externally confined, the intrinsic Lorentz factors of BHXB jets could be as high as in AGN (up to Γ ∼ 10). The new compact jet speed measurement derived from our time domain analysis presented here for Cyg X-1 shows a reasonably high bulk Lorentz factor of Γ ∼ 2.6. A previous study on the compact jet in GX 339-4 also presented potential evidence for similarily high bulk Lorentz factors inferred from infrared/X-ray lags (Γ > 2; Casella et al. 2010) . Since the compact jet speed is likely to vary during an outburst (Vadawale et al. 2003; Fender et al. 2004 Fender et al. , 2009 , it is possible that our Cyg X-1 jet speed measurement samples the jet speed at the high end of the distribution in this source (rather than the mean). In fact, Fender et al. (2002) have shown evidence for varying radioradio time lags in different observations of GRS 1915+105, which could be tracing a varying bulk Lorentz factor in the jet. In this sense, jet speed constraints from different stages of an outburst in a single BHXB source are needed to understand the degree to which compact jet speed can change during an outburst. Similarly, jet speed constraints for multiple sources are needed to constrain the distribution of compact jet speeds across the BHXB population (as well as help determine if Cyg X-1 is an outlier in terms of higher compact jet speed).
Moreover, our time lag modelling also reveals that the size scale as a function of radio frequency in the Cyg X-1 jet seems to deviate from the expected z ∝ 1/ν relationship predicted by simple jet models (Blandford & Königl 1979) . In particular, we find that a shallower relationship ( = 0.40± 0.05, where z ∝ 1/ν ) is needed to explain our observed time lags.
Further, for a conical jet, the opening angle can be estimated based on the axial and transverse size scales of the jet according to,
Therefore, through applying estimates of z axial (via our measured time-lags) and z trans (via timescales derived from our Fourier analysis that may trace the transverse jet size scale), we can use Equation 4 to place constraints on the opening angle of the Cyg X-1 jet. Considering the size scales in the region of the jet sampled by the 11 GHz radio band, Equation 1 yields z axial = 3.1 × 10 14 cm, and we estimate z trans = (0.1 − 1) × 10 13 cm based on the smallest timescales over which we observe significant power in the PSD (0.03 Hz; see Figure 3 ) and the timescales at which we observe a significant drop in coherence in our 9/11 GHz cross-spectral analysis (0.003 Hz; see Figure 5 ). With these size scale estimates, we estimate the opening angle to be φ ∼ 0.4 − 1.8 degrees. This constraint is consistent with both the VLBI upper limit (< 2 degrees) and the work of Heinz (2006) , the latter who present analytical expressions for jet parameters in Cyg X-1 (see Equation 9 of Heinz (2006) for the opening angle expression). Lastly, our modelling estimates that the radio jet emitting region (at 8.4 GHz) is located l norm = 5.69 mas (1.6×10 14 cm at 1.86 kpc) downstream from the X-ray emitting region. While the value of this parameter is currently unknown for Cyg X-1, it is of interest to compare our derived value to other estimates from different methods in the literature. Using Equation 4 of Brocksopp et al. (2002) , we estimate that the radio photo-sphere at 8.4 GHz is located 4.4 mas (1.2 × 10 14 cm at 1.86 kpc) downstream, which is consistent with our value (within the 1σ errors). However, Zdziarski (2012) estimate the distance downstream to the 8.4 GHz emitting region is much smaller than our value at ∼ 0.2 mas (∼ 5.4 × 10 12 cm at 1.86 kpc). As the derived jet speed is highly dependent on the value of this downstream distance in our model, it is important to place improved constraints on this parameter to accurately measure jet speed with the method presented in this work.
We reiterate that all the results in this section hinge on the accuracy of our time lag measurements (see §3.2 for a discussion on the uncertainty in the time lags for the lower frequency radio bands) and the assumption that the bulk jet speed is constant with distance downstream. Therefore, the reader is cautioned that, while our results are intriguing, they come with caveats.
SUMMARY
In this paper, we present the results of our simultaneous multi-band radio and X-ray observations of the BHXB Cyg X-1, taken with the VLA and NuSTAR. With these data, we extracted high time resolution light curves, probing timescales as short as seconds. The light curves display small amplitude flaring events, where the lower frequency radio emission appears to lag the higher frequency radio emission and any variability is consistent with being much more smoothed out at the lowest radio frequencies. This behaviour is consistent with emission from a compact jet, where higher radio frequencies probe closer to the black hole.
To better characterize the compact jet variability we observe in our light curves, and probe how this variability propagates down the jet, we performed timing analyses on our data, including Fourier domain analyses (PSDs and cross-spectral analyses between radio bands), as well as cross-correlation analyses. We summarize the key results of this analysis below.
Our radio PSDs show a monotonically decreasing trend with frequency, with no significant power at Fourier Frequencies > 0.03 Hz (< 30 sec timescales). Over the Fourier frequencies that we sample, we do not observe a turnover in the radio PSDs, as was seen in recent studies analyzing infrared/optical PSDs of compact jet emission from the BHXB GX 339-4. However, upon comparing our radio PSDs to a past study probing longer timescales, we find that it is plausible that such a turnover in the PSDs could occur in the currently un-sampled 10 −5 − 10 −3 Hz Fourier frequency range. As this turnover is thought to reflect the physical size scale of the emitting region in the jet, future studies with a set of longer (> 3 hours) radio observations present the opportunity to detect such a turnover, and in turn use it to map out the jet size scale in different regions of the jet flow.
Our cross spectral analyses reveal that the higher frequency radio bands (9/11 GHz) are highly correlated over the same Fourier frequency range where we observe significant radio variability amplitude in our PSDs (< 0.01 Hz), and a roughly constant time-lag is observed with Fourier frequency between these bands. These results are consistent with a propagation model whereby the initial radio signal is delayed and the variability at higher Fourier frequencies is smoothed out as the signal propagates down the jet. However, in the lower frequency radio bands (2.5/3.5 GHz) we observed very little correlation across all timescales. The loss of coherence could be a result of processes occurring on timescales shorter than the propagation time between emitting regions (such as turbulence in the jet flow) distorting the radio signals. We also discuss several other mechanisms that could cause a loss of coherence: a strong noise contribution in the radio light curves, other sources of emission contributing to our radio signals (e.g., interactions with the ISM, stellar wind absorption), and non-linear processes acting on the radio signals (e.g., shocks within the jet flow or at jet-ISM impact sites).
Our cross-correlation functions confirm the presence of a correlation between the radio and X-ray emission in Cyg X-1. We detect time lags of tens of minutes between the Xray and radio bands, and use these measurements to solve for a jet speed of β = 0.92 +0.03 ). Additionally, we also constrain how the jet size scale changes with frequency, finding a shallower relation than predicted by simple jet models (z ∝ 1/ν 0.4 ), and estimate the jet opening angle to be φ ∼ 0.4 − 1.8 degrees.
Overall, in this paper we have presented a detailed study of rapid compact jet variability (probing second to hour timescales) at radio frequencies in a BHXB. Our work here shows the power of time domain analysis in probing jet physics and displays the need for longer (> 3 hours) continuous observations of BHXB jets across a range of electromagnetic frequency bands (especially including > 11 GHz radio and sub-mm frequencies to bridge the gap to the infrared/optical bands). The combination of the techniques and tools developed in this study, as well as the improved capabilities of planned next generation instruments (such as the ngVLA and ALMA-2030), will make more of these radio time domain studies possible, not just in BHXBs, but in other jet-producing sources as well.
APPENDIX A: RADIO CALIBRATOR LIGHT CURVES
Given the flux variations we detected in our VLA radio frequency data of Cyg X-1, we wished to check the flux calibration accuracy of all of our observations on short timescales and ensure that the variations observed in Cyg X-1 represent intrinsic source variations rather than atmospheric or instrumental effects. Therefore, we created time resolved light curves of our calibrator source, J2015+3710 (see Figure A1) .
We find that J2015+3710 displays a relatively constant flux density throughout our observations in all the sampled bands, with any variations (<1% of the average flux density at all bands) being a very small fraction of the variations we see in Cyg X-1. Based on these results, we are confident that our light curves of Cyg X-1 are an accurate representation of the rapidly changing intrinsic flux density of the source. Figure C1 . Radio PSDs of Cyg X-1 prior to white noise subtraction. In each panel, the gray-scale markers represent the PSDs before re-binning in frequency, and the coloured markers represent the PSDs after re-binning. The white noise level (in units of power, displayed on the vertical axis) is also indicated in each panel. The PSDs in the 9/11 GHz bands are created from data imaged with 1 sec time-bins, while the 2.5/3.5 GHz PSDs are created from data imaged with 5 sec time-bins.
